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1. Introduction.

The word problem for commutative semigroups is effectively decidable. In fact for any fixed finitely
presented commutative semigroup, testing equivalence of two words over the generators reduces to cvaluat-
ing a linear form and is computationally trivial, i.e., solvable in real-time on a Turing machine [Tai68, Lai67].
The wuniform word problem, in which the defining equations as well as the words are regarded as an instance
of the problem, is also effectively decidable for commutative semigroups. This was first explicitly noted
by [Mal58, Emi63], though in retrospect this result can be seen to be a special case of results of [Hen22,
Her26, Hil90, Kon03] on testing membership in polynomial ideals. The known procedures for deciding the
uniform word problem, however, require considerably more effort to carry out. We show in this paper that
this is inevitable: any decision procedure requires an amount of storage space for intermediate results of
computation which grows exponentially with the size of the problem instance to which the procedure might
be applied. We also show that this exponential bound on the complexity of decision procedures is achievable

by a naive search for a derivation of one word from the other.

Results establishing the inherent computational complexity of decidable problems are the natural quan-
titative refinement of classical results in algebra, logic, and other branches of mathematics distinguishing
decidable from undecidable problems. Problems such as the uniform word problem for commutative semi-
groups which are decidable in principle but whose complexity is exponential or greater present the same
intractability as undecidable problems. To illustrate this, note that undecidability of a problem means that
every procedure (e.g., Turing machine) which gives only correct decisions on instances of the undecidable
problem must, for infinitely many instances, fail to produce a decision. Exponential complexity of a problem
means that every procedure which gives only correct decisons on instances of the complex problem must,
for infinitely many instances, take a prohibitive amount of computational resource to produce a decision. In

both cases an observer is left waiting on tenterhooks for an answer which will never come in his lifetime.

Computational complexity theory has become a reasonably devclo'ped mathematical subject in the past
decade. Its basic concept of growth rate of computational resource usage as a function of the size of the

input to a procedure is recognized to have much the same robustness as the Church-Godel-Turing notion



of effective procedure [AHU74, Coo71, HoU79, Kar72, MY078]. In particular, the property that a problem
requires exponential space to decide effectively is invariant over the exact formulation of models of effective
procedures or the details of the measure of space required by a procedure. For definiteness, we take Turing
machines as a standard model of computation and define the space required by a Turing machine on a given
input to be the number of work tape squares visited by the head of the machine during the computation on

that input.

Clearly it requires more computational effort to deal with larger problem instances, so complexity is usually
measured relative to the size of a problem instance. Let S be some finite set of symbols each taken to be of
unit size, P some finite commutative semigroup presentation, and a, B two words over S. The uniform word

problem for commutative semigroups, abbreviated CSG, is
{(a, B,?); equivalence of a and § is derivable from P}

(more detailed definitions appear in Section 2.). Any triple (@, 8, %) is a CSG problem instance, and the
size of (@, B, %) is taken to be the length of a list consisting of a, B and the left and righthand sides of the
equations in %, separated by unit size delimiters. It is natural to allow exponential notation in representing
words over S. For example a word consisting of 1003 s’s has size five because it has a representation in
exponential notation of five symbols, namely, "gl003»  We emphasize, however, that our results are not
dependent on this representation; even if we forbade exponential notation and defined the size of problem

instances to be their total length our main theorem still holds.

Main Theorem:

a) There is a constant ¢ > 0 and an algorithm (Turing machine) which decides CSG and requires space at
most 2°™ on any instance of C'SG of size n.

b) There is a constant ¢ = 0 such that any algorithm which decides C'SG requires space excceding 2™ on

an instance of CS@G of size n for infinitely many n.
This Main Theorem appears as Theorems 1 and 2 in Sections 4 and 7, respectively.

CSG is closely related to a basic decision problem of classical algebra, the polynomial ideal word problem



PI. Let X be some finite set of indeterminates and py, . . . , P, € Q[X]'. Then PI is defined to be

{{po, - . ., PnY; Pois in the ideal of Q[X] generated by py, . . - , Pn}-
We show in Section 3 below that CSG is straightforwardly reducible to PI. This allows us to appeal to
results of [Her26] on solutions of linear equations over Q[X] to obtain the upper bound on the complexity
of CS@ stated in part a) of the Main Theorem. (We include a concise version of Hermann’s result in an
appendix.) Conversely, the lower bound on the complexity of C'SG given in part b) of the Main Theorem

implies a corresponding lower bound on PI:
Main Corollary:

There is a constant ¢ > 0 such that any algorithm which decides PI requires space exceeding 2 on an

instance of PI of size n for infinitely many n.

Here an instance of PI is the n 4 1-tuple {py, - - -, Pn), and its size is defined to be the sum of the lengths
of the cocfficients and exponents, written as (quotients of) Arabic numerals, of each of the terms of the

polynomials.

The key technical fact on which the proof of the lower bound on space requirements rests is the possibility
of faithfully embedding commutative semigroups with "large” finite presentations into commutative semi-
groups with "small" presentations. In particular, we show how a commutative semigroup with a defining
equation of the form

a2l
51 =8y ,

which by our conventions has size proportional to 2™, can be embedded in a commutative semigroup whose

presentation (even without use of exponential notation) is of size O(n).

The existence of embeddings into succinct presentations is the complexity theoretic analogue of the classical
result that every recursively enumerable (r.e.) presentation of an arbitrary—not necessarily commutative—
semigroup is embeddable in a finitely presented semigroup. The undecidability of the word problem for

arbitrary semigroups follows immediately from this embedding and the existence of sets such as the Halting

'™ denotes the set {0, 1, .. .} of nonnegative integers, Z the set of integers, Q the set of raticnals, and for n € N, I, the
set {1,...,n}.



Problem for Turing machines which are r.e. but undecidable [Mar47, Pos47]. Thus, the proof of the
exponential space lower bounds is similar to a standard undecidability proof by reduction of the Halting
Problem.

This pattern of argument is standard in complexity theory, but may be worth reviewing for readers un-
familiar with complexity theory. In Section 5, Lemma 4, we define a complexity theoretic analogue, ESC,
of the Halting Problem. ESC is exponential space complete: it is decidable within exponential space and
has the property that all problems decidable by procedures using at most exponential space are efficiently
reducible to it, in a precise sense defined in Section 2. Flementary diagonal arguments of complexity theory
have previously established the existence of sets which are decidable in exponential space but not less space
[Blu67, HSt65]. It follows that ESC requires exponential space siﬂce it must be as complex as any set which
reduces to it. In Section 5, we show that ESC is itself efficiently reducible to a version of CSG in which
presentations contain defining equations of the double exponential form noted above. The key fact about
succinct embeddings which allows elimination of these large equations is established in Section 6, and we
conclude in Section 7 that ESC is cfficiently reducible to CSG, so that CSG is itself exponential space
complete.

The results described here were presented in preliminary form in [CLM76].



2. Exponential space, semi-Thue systems, and semigroup presentations.

We first bricfly review the fow necessary technical definitions from complexity theory. For more comlete

treatments see [FeR79, HoU79, or MY078].

For any finite alphabet S of symbols, let S be the set of all finite words over S. A function f : §1—S5

reducesaset A C S toaset B C S, providing that
a € A=fla) EB

foralla e S I If f is computable by a Turing machine which visits at most log, n work tape squares during
its computation on any word a & S} of length n > 1, then A is said to be log-space reducible to B. (We
assume the Turing machine has a read-only input tape and a write-only output tape separate from its work
tape.) If in addition the length of f(a) is O(length(a)), then A is log-lin reducible to B [MSt73, StM73,
Sto74].

Theset B C S; is said to be decidable in space g : N—Nif there is a Turing machine which accepts B and
visits at most g(n) work tape squares during its computation on any word B e S; of length n. B is decidable
in exponential space if it is decidable in space g where g(n) << ¢ for some ¢ > 1. B is exponential space
complete with respect to log-lin reducibility if (1) it is decidable in exponential space, and (2) every set which
is decidable in exponential space is log-lin reducible to B. If B satisfies condition (2) only, it is said to be

exponential space hard.

Suppose A is log-lin reducible to B. Then any procedure for deciding B immediately yields a procedure for
deciding A which uses essentially the same space. In particular, there is a k > 0 such that, given any Turing

machine which decides B in space ¢, one can exhibit a Turing machine which decides A in space ek,

Now supposc B is exponential space hard. An elementary diagonal argument may be used to establish the
existence of a set A which is decidable in si)acc say 3" but not 2" [Blu67, HSt65]. Since A is decidable
in exponential space, it is log-lin reducible to B. Since A is not decidable in space 27, the sct B cannot
be decidable in space 2¢™ where ¢ = 1/k. Thus to prove an exponential space lower bound on decision

procedures for an arbitrary set B, it is sufficient to prove that B is exponential space hard with respect to log-



lin reducibility. Log-lin reducibility can be shown to be transitive, so to prove that a set B is exponential
space hard, it is sufficient to prove that some set A, already known to be exponential space hard, is log-lin

reducible to B.

This completes our review of complexity theory; we now give the basic definitions concerning word
problems.

Let S = {sy,...,5,} be a finite alphabet. A semi-Thue system over S is given by a finite set & of produc-
tions [; — r; where l;, ; € S*. Aword 8 € S is derived in one step from a € S* (written @ — 8 (%)) by
application of the production (I; — ;) € P iff for some v, § € S*, we have @ = +l;6 and § = ~yr;6. The
word a derives 3 iff a3 (P) where * is the reflexive transitive closure of —. A sequence (e, - - ., an) of

words e; € 8™ with a; — a;+1 fori = 0,...,n — liscalled a derivation (of length n) of a,, from a in 2.

A semigroup presentation or Thue system is a symmetric Semi-Thue system P, ie.,
(l=red=(r—o)eP

Derivability in a semigroup establishes an equivalence relation = by the rule
a = f(P)=aer B8 (2).

For semigroups, we also use the notation ! = r (%) to denote the pair of productions ( — r)and(r = {)in

e

A semi-Thue system @ is commutative if
(Vs, s € S)[(ss' — &'s) € P].

If it is understood that % is a commutative semi-Thue system these commutativity productions are not
explicitly mentioned in % nor is their application within a derivation in % counted as a step. We remark
that commutative semi-Thue systems appear in the literature in two additional equivalent formulations:
vector replacement systems (VRS’s) [Kel72] and Petri nets [Hac76, Hol68, MaM81, Pet62]. Finitely presented
commutative semigroups are equivalent to reversible VRS’s or Petri nets [Hac74].

Let® : S* — N be the Parikh mapping, i.e. (®()); (also written ®(a, s;)) indicates, for everya € S" and

1 € I,,, the number of occurrences of s; € Sina.



For a word in a commutative semigroup generated by S the order of the symbols is immaterial, and we shall
in the sequel use an exponent notation. For instance, we may denote abaacba by a’b?c, interchangeably
with, say, acb%a. Let @, 8 € S” and P be a finite set of productions over S. We define size(a, 3, P)
to be the length of the list consisting of representations in exponent notation as above of a, 3, and l;, r;,
for (I; = r;) € % (omitting pure commutativity relations). Exponents are written with Arabic numerals,
properly interspersed with delimiters to separate vectors and their components, and each s; € S is taken to

have unit length.

3. Degree bounds for polynomial ideals.

Let X denote the finite set {zy,...,,}, and Q[X] (resp., Z[X]) the (commutative) ring of polynomials
with indeterminates zi, . .., Z, and rational (resp., integer) coefficients. For pi1,...,Pw € QIX], let

(p1, ..., pw) © Q[X] denote the ideal generated by {pi1,...,Pwy, thatis

(1, -+ - s Pw)=der {2 gipi; ¢ € Q[X] fori € Iy}

=1

Now let® = {a; = B;; ¢ € I,,} be any (finite) commutative semigroup presentation with a;, 6; € X * for
i € I,. We identify any @ € X with the unary monomial a = zf’(a"”). . .xf(a’":"), and let I(%) (resp.,

I7(%)) be the Q[X]-ideal (resp., Z[ X]-ideal) generated by {Bi —ai,...,Bw—au}, it

IR(@)=qer { >, 6:(Bi — a); ¢: € RIX]fori € L}, forR = Q, Z.

i=1

The next few lemmas show the connection between C'SG and the membership problem for ideals in Z[X]

and Q[X]. Also see [Sim80] for part of these results.
Lemma 1:

Ifa =3 (®), thenf —a € Iz(P).



Proof?

Suppose @ = Yp—Y1— - - =V = B (2) and assume without loss of generality that n > 1. Then, for

m € I, there are §,, € X and i, € I, such that

Tm—1 = aimém and T — ﬁimém:

and hence,

n

f—a= Z (Bi,, — @i, )0m € I7(P).

m=1

Lemma 2:

If 8 — a € Ig(®), then a = B (¥). In particular, if § —a = ¥ (B — @;)g: for g; € Q[X], then there

i=l1

is a derivation @ = yp—y;—. .. =7, = B of § from a in P, such that forj € I,

length(vy;) < max{deg(3:g;); ¢ € L}

Proof*

Letd € N be a common denominator for all the rational coefficients in the g;, i € I,. Then we may assume
without loss of generality that 8 5% a and

dg —da= 3 _ (B, — @i,)g,, forsomen = 1,
where the ¢, € Z[X],m € I, are all monomials with coefficient 1, and deg(g’,) < deg(g;,,) for
m & I,.
As a appears as a term on the left side of this polynomial identity and a £ (3 there must be some r € I,
such that a = a;,¢., implying
) dB—(d—Va—Bid, = Lner—nBim — i)om:
i) a—pf.g. ().

10



If B;,.g. = B we are finished, otherwise we may repeat the above argument for ;4. in place of a, and by
rd T T

induction on n obtain a derivation
a—y = .. =Y, =B withn' <mn,
where each 7y, is of the form g;, ¢, for some r = r(k) € I,. |

Note that the above mapping from the CSG problem instance (a,3,?) to the PI problem instance
B—abi—al,...,Pw— @) is computationally trivial and size preserving, so Lemmas 1 and 2 imply

that C'SG is log-lin reducible to PI.

From the work in [Her26]‘, we can derive the following

Proposition:

Let X = {z1,..., %o} D, DLy - - - P € Q[X]; and d=ger max{deg(p;); i € L.}. Ifp € (p1, - .-, Puw).
then there exist g1, . . -, g € Q[X] such that

) p=Y.,pis:
ii) (Vi € L)[deg(g) < deg(p) + (wd)*'].

Proof?
For the convenience of the reader an improved proof of this Proposition is given in the appendix. |

We should like to mention that the general problem of the solvability of linear equations over R[X] for
rings R other than Q or Z has been investigated in [Ric74, Sei74]. We also note that Lemmas 1 and 2 imply
that 8 —a € IQ(?) iff 3 — a € Iy(P). This condition does not hold for ideals generated by arbitrary

polynomials in Z[X].

“Some parts of [[er26] which we do not make use of have been improved in [Sci74].

11



4. An exponential space upper bound.
The above Proposition and the lemmas of the previous section easily yield
Lemma 3:

LetS = {s1,...,8} and® = {a; = B;; © € L,} be acommutative semigroup presentation over S. Then,

fore,f € 8", a = B (P) iff there is a derivation @ = Yy—7;—. .. =¥, = B (¥) of § from a such that
length(ny;) < 227" foralli € {0,...,n},

where ¢ > 0 is some universal constant independent of (a, 8, ®).
Proof?

Note that deg(8 — a) and deg(8; — @), for i € I, are all bounded by gsize(adP) Fyrther, size(a, 8, P)
is also an upper bound on the number w of generatdrs of the polynomial ideal IQ(?P). Thus the upper bound

of the lemma follows from Lemma 2 and part ii) of the above Proposition. ]

Hence we conclude
Theorem 1:

There is a (deterministic) Turing machine M and some constantd > 0, such that for any instance (a, 8, %),

M decides whether a = £ (%) using at most space 2¢4#4@5,%),
Proof sketch:

A nondeterministic Turing machine may determine whether @ = [ (®) by generating a derivation a =
Yo—1—- - —Y, = B iff there is one. For this purpose, obviously only two consecutive words ;__; and
~; in the derivation have to be kept in storage at any time in order to check whether v, —; (%). Clearly,
the words «y; can be represented by writing down a representation of ®(v;), with numbers in radix notation.

This representation therefore requires only O(log(length(y,))) tape squares. By Lemma 3, there is some

12



universal constant d’ = 0 such that this nondeterministic Turing machine needs at most 2%°*745:%) tape
cells on any instance (a, 3, %) in order to determine whether a = 3 (®).
Nondeterministic Turing machines can be simulated by ordinary deterministic ones for which the number of

required tape cells at most gets squared [Sav70]. i

5. Semigroup presentations and hounded counter machines.

An n-counter machine models a computer having n registers each of which may hold an arbitrary integer.
All registers initially contain 0. The machine can, in one atomic operation, modify any one of its registers
by adding —1, 0, or 1 to its current value, or test whether a specified register contains 0 and branch on the
outcome of this test. In the sequel, it suffices to consider 3-counter machines. A 3-counter machine can be
used to compute any partial recursive function [Min61].

Formally, a 3-counter machine C' consists of a finite set @ of states, a pair of distinguished states go and

g € Q (where qo is called the initial and g, the accepting state), and a (transition) function

61 (Q—{a:}) = @~{0, £1}x)U(Q=Qx5).

The computation of C is given by the (possibly infinite) sequence 0, cl, ... of instantaneous descriptions

¢t € QxZ°, where
) ¢ =(,0,0,0),and
i) ifi €N, = (q,2,2,2)withq 7 ¢, and
a)8(q) = (¢, d,k) € @x{0, 41} =3, then
z+d ifi =k;

Tl = (q,2),7,7;), wherez; = {
z; otherwise.

ﬁ) 6(9) - (q/: q’, k) € QxQxI3, then

i (¢, 21,22, 23) ifz, = 0;
c -

(¢",21,2,2)  otherwise.

e |, 18 referred to as the contents of the k-th counter after ¢ steps, fork € I.

13



C is said to terminate with emply counters iff its computation contains the quadruple (g2, 0,0,0). Note that
(ga, 0, 0,0) then is the last clement in the computation of C. As we will only be concerned with termination
with empty counters, we will for convenience henceforth refer simply to termination.

We define the size of C to be the cardinality of its state set Q.

Now let n € N. The computation of some 3-counter machine C'is said to be bounded by n iff after any step

in the computation the contents of all three counters are 2> 0 and << n.

From the results in [FMR68], one can easily derive (and we state without proof)

Lemma 4:

The set
ESC=4gc; {C; C is a terminating 3-counter machine whose computation is bounded
by 228:'2::((:’)}.

is exponential space complete under log-lin reducibility.

Henceforth, we shall refer to this exponential space complete problem as ESC.

ESC will be used to prove an exponential space lower bound for CSG. We shall, in the remaining part
of this section and in the next, show how to construct from any given 3-counter machine C a commuta-
tive semigroup presentation of size O(size(C)) such that ESC reduces to CSG. In this section, we shall
finitely present a commutative semigroup to which ESC can be reduced. However, the presentation P, we
describe will still be too big. In the next section then, we shall show how to embed the relevant part of this

semigroup into one given by a small presentation Fc .

Henceforth, let e,=ger 22"
The most straightforward way to represent a configuration ¢ = (g, 21,2, 23) of a 3-counter machine C
would be by a word of the form

q h"!f 1 h?h%?

14



where hy, hy, h3 are distinct symbols.

However, we have no direct way to "simulate” the zero-test capability of C with this representation. But as
the counters of all C € ESC are always bounded by e, (where n=gdes size(C)), we can choose a variant
representation in which each element (g, 21, 22, z3) in the computation of C = (@, 9) is represented by a

word w(gq, 21,22, 23) € Q* where Q is the disjoint union Qw{gi, k1, g2, ha, 63, ha}:
.w(q’ 21,2, 23):def qgi"”z‘h’?ggﬂ_"'ﬁh;?gg“_*’h?.
Henceforth let C = (Q,§) be some fixed 3-counter machine of size n. We define the commutative

semigroup presentation P over the alphabet O to contain exactly the following equivalences:

For every ¢ € Q with §(q) = (¢,d, k) € @x{0, :=1}xI3:

g=4q ifd =0, (A)
qgx = q'hg ifd =1, and (B)
qhr = q'gx ] ifd =—1. ©
For every ¢ € Q with §(q) = (¢, ¢", k) € @xQxL:
ghie = "I, and (D)
a9 = q'95" (E)

Also, let

W=qer {w(q,21,2,2); ¢ EQ, and0 < z1,2,23 < en}-
Ifa € W, then by definition, ®(a, g.) + ®(a, hk) = en, for k € I3. Moreover, if 3 = a (P.), a simple
induction on the length of a derivation of 8 from a in % shows that also § € W, and hence that, in
particular, ®(8, gr) + ®(8, hx) = €n, where k € L. This invariance is the reason that use of equivalence (E)

in a derivation corresponds to a branch-on-zero step in the computation of C.

It follows that C € ESC implies w(g, 0,0, 0) = w(g,, 0,0, 0) (P¢-), because the computation ¢, ¢!, ... of
C is simulated, in a step by step fashion, by a corresponding derivation w(c”)—«»w(cl)—r. .., using the above

equivalences (A)~(E) only as semi-Thue productions from left to right.

It also turns out that the same line of argument as in [Pos47] for the case of noncommutative semigroups

provides the converse implication, yiclding

15



Lemma 5:

w(g, 0,0,0) = w(g,0,0,0)(P,) = CEESC.

For a detailed proof see [Car75].

6. Succinct semigroup presentations.

For n € N we construct a commutative semigroup presentation ¥, of size O(n) containing generators S,
F and B such that, in essence, F'B®" is the only word containing F* that is derivable from S in @,. The
presentation %, and its set Gy, of generators is defined by induction on n, noting the fact that e,41 = (en)?.

For technical reasons, ¥, will contain four different symbols By, . . ., By each acting like the B above. Let
G[J:def {S, f; €1, €2, €3, C4q, blr b?: b3) b‘;}, and

Poy=qer {8¢; = feib?; 1 € Ip}.

For m > 0, let {S,Q1, @2, @3, Qs, F, C1,Cs, Cs,Cy, B, By, B3, Bs} be distinct symbols not in Gin—1.
Then

G'm:def GmﬁlktJ{S, Ql; Q?p QS; Q4} F: c].:- CQJ CB: C4; Bl) BZ:B3;B4}-
The elements of Gy are of level 0, and for m > 0, the elements of G,, — Gm—1 of levelm.

For notational convenience, we now let the upper case letters S, , .. ., By denote the generators of level n

(n > 0), and let the lower case letters s, . . ., bs denote the corresponding generators of level n — 1.

¢, then is the union of %,,__; and the following equivalences:

S = Quscy, (a)

Qifciby = Qsc, (b)

Qafcr = @sfcs, (©

Q35c3b; = @scaby, (d)

@35¢3 = Qufcsby, (e)

Quscy =F, ()

and, fori & I, Q.Cifby = QC;B;fbs, (gy—)

16



Lemma 6:

LetS,F,C;, B;, fori € Iy be oflevel n. Then

SC{ —— FCZ‘B:T" (?Pn) : fori &€ I4.

Proof:

The proof is done by induction on n.
For n = 0, %, contains exactly the equivalences claimed.

Forn > 0, wehaveforz € Iy

SC; = Cii15¢1 by (@)
= C;Qh ferbjr—? by induction hypothesis
= Cpbn 1 1Qsscy by (b)
= ChS1 1 Qpfeabf! by induction hypothesis
= Cb§r— 1 Qyf b Bt by (g)—0)
= C;B§*—b 1 1Q5fesbg—1 by (c)
= C;Bs b1 1Qs5¢3 by induction hypothesis
= C;B—1b5—12b,Qps¢) by (d)
=... = C;B—1o— 15103 by iteration of the previous five lines
= C;B"Qufcabg—! by (e
= C;B{"Qqsc4 by induction hypothesis
= FC;B by (0.

We are now going to show that the derivation given in the proof of the previous lemma is the only
repetition-free derivation from SC; in ¥, that produces a word containing the level n symbol F7. For this
purpose, we first establish some technical properties of derivations in .

Let S, C; be of level n, and @ € G, such that a = SC| (%,). Define the height h(a) by

17



h(a)=der min{m € N; ®(a, c;) > 0, for some ¢; of level m }.

Then we have

Lemma 7:

Let SC| = Yo——- - - =7, = @ (P,) be a derivation of a from SC} in %,. Then:
: ’ 1 ifcy, ..., cqareoflevel m with h(a) <m < n;
i) > ®a )= "

otherwise;

. ’ 1 ifqy,...,qsareoflevel m withh(a) < m < n;
() > ¥(a, @)=

0 otherwise;
1 ifs, f are of level h(a);
(iii) ®(a,s)+ @(a,f) =
0 otherwise;

(iv) |h(y;) —h(y—)| < 1foralli € I;

(v) only equivalencesin B (a)4-1 — F(a)—1 are applicable to a (here, P is taken to be #);

the height decreases iff an equivalence in %) is applied.
Proof?

The proof is by induction on the length r of the derivation. The details are left to the reader. §

Lemma 8:

LetS,F,C;,B;, t € Iybe oflevel n,and leta € G'*n. If SC; = a (%,) and a contains an occurrence of S or

F, then either a = SC; or a = FC;B}".

Proof?
The conclusion of the lemma is immediate for n = 0. Hence, assume n > 0, and let
SCi = o= .- 7, = a (%) *)

be any repetition-free derivation of a in %,. We prove by induction on n that (*) must be the derivation

given in the proof of Lemma 6.
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First, note that because a contains S or ', Lemma 7 (i) implies A(a) = n. Second, note that besides SC}
and a there is no other word ~; in (*) of height n: if h(;) = n for some minimal 0 < ¢ < r theny; would
contain S or " by Lemma 7 (iii). As S and F" appear only in equivalences (a) and (f), respectively, of Py,
inspection of %, shows that only the reversal of the equivalence used from «;__, to y; would be applicable to
~;, causing the repetition ;| = ¥;—1-

As only equivalence (a) of levels n and » — 1 is applicable to vy and vy, respectively, we have
1= Cllecl; h'(’h) =n—1 and h("}'g) =n—2.

Because of Lemma 7 (iv) there must be a first word v, in (¥) after ; which also has height n — 1. Hence,

by Lemma 7 (v), only equivalences in %, could have been used in the subderivation

M= (Fa):

As these equivalences do not contain any occurrences of symbols of level n we may rewrite -y, in the above
subderivation as Q,C}, where v; € G;_ .- Thus, v = sc;, and by Lemma 7 (iii), ¥}, contains either s or

f. Hence,

se; = ¥, .. =5 (Pa—1) -

We conclude from the induction hypothesis for n — 1 that
¥, = fabr—t  and v, = QCifeib
Because (*) is repetition-free, the only equivalence now applicable is (b) of level n, ie.,
Vi1 = QC1b5 1 Lscy, A(viy41)=n—1 and h(v42) =n—2.

Again, let y;, be the first word in (*) after «y;, of height n — 1. As above, only cquivalences in %, can be
used between y; . ; and . What is more, ¢ occurs in 4; for all ¢ with 4, <C ¢ < ¢ as only equivalences of
fevel n can possibly change ¢; to some other ¢. Thus by Lemma 7 (i), equivalence (g) of level n — 1 cannot
be applied to any v, with i; << 1 < 4. Therefore, we can once more rewrite y; as Q,C b1, with

v, € G, _, fori; < i < 7y, and have
S0 = '\fil—,t-l—" i (F2ia)
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By Lemma 7 (iii), ¥;, contains either s or f, and hence the induction hypothesis implies
Vi, = QCibr T fepb .

Now only equivalence (g) of level n can be applied, say k times, for any 0 < k < e,—. and then

equivalence (c), producing

1= QOB b et

The only rule now applicable without causing repetition is (f) of level n — 1 so that ~(~y;, L) =n—2
Let 44 > 43 be minimal such that h(y;,) = n — 1. Note that 2, must exist because of LLemma 7 (iv). Also
note that now between ;, and -y, ¢3 is present in all words. Therefore, the equivalences (g) and (h) of level
n — 1 are not applicable. We may thus, as above, parse ; as QaCiBbs»—1—1bgr—1—F} with 7, € G,,_,

for i3 << © << 14, and obtain
fesbh == .. =7, (Pai)
where either s of f occurs in 7} .
Assume first that &, = fezn with n € G;__l, and, of course, n 7 b’;. Then, by LLemma 6 there is a
derivation

§C3—...— fesbfbr—rF 5. — fesber—rFn (P,_1).
373 3

As b§—1*n 5£ b1, this contradicts the induction hypothesis.
Otherwise, if ¥, = scan withn € G, _,, note that %, is symmetric and consider the derivation
sc3—. .. — feabbsr—1—F (by Lemma 6)

1—k
—. .. —scanbgr—t

(by assumption).
But the induction hypothesis for n — 1 implies that sc3 = sc3nb§"—1_’“. In other words, n is the empty
word and k = e,_, so that

—1hEne—a1—1
il == Q;;ClBi" lbi 1™ sc3.

Now only either equivalence (d) or () of level n can be applied. As there has to be another successor of
height n — 1, equivalence (¢} is excluded here as can be seen by an argument analogous to the one just given

for +;, = fesbf. Hence,

Vi1 = QQCIBﬁ"*‘bjﬂ—I“EbllsCZ (by equivalence (d)).
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Similarly, if now (b) (from right to left) were applied, the induction hypothesis would imply that there is no
i > 1,4+ 1 with h(7;) = n — 1 which is impossible. Hence, we are forced to apply t0 v;,41 equivalence (a)
of level n — 1, and therefore obtain h(v;,15) = n — 2. We may now iterate e, — 1 times the argument

which has been used for the subsequence v; —. .. =7, (¥,). and thus obtain some &5 > 24 + 2 such that
Vis = Q;gClBi“_le“_lSCgbz"_l_l.

Here only (e) is applicable:

Vist1 = QuC1BT feab ™"

Because only equivalence (f) of level 7 — 1 may be used we obtain h(~,, +2) = n — 2. By Lemma 7 (iv)
there has to be a minimal %5 > & 4 } with A(y;) = n — 1, so we can, as above, conclude from the

induction hypothesis that

Vi, = QuC1BT s8¢y,

and obviously,

Vigr1 = V» = FCB*  (by equivalence (f)).

With C} replaced by Cy, G5, or Cy, the proof runs analogously. ]

7. An exponential space lower bound for CSG.

Given some 3-counter machine C = (Q, §) of size n, the commutative semigroup presentation P is
constructed as follows:
Assume without loss of generality that equivalences (Ay—(D) of P are over an alphabet disjoint from the
alphabet G,, of ,,, with the exception that the symbol g in (A)—(D) is taken to be B, € G, forallk € I5.
Then % is defined to contain %, and all equivalences (Ay—(D) of P .
For every equivalence ggi» = ¢'g§» of the form (E) in ¥, i.e. for every test state ¢ € Q, let g, g. be two
new symbols & QUG,,. Then, instead of the equivalence ggi* = ¢'gj* in P, the following equivalences are
also added to % (where S, F', C|, Gy, C3 € G, are of level n):

q = ¢F'Cy, (k)

21



3-SCr = ¢SC, 0]

¢@FC,=q. (m)
Finally, let
qo1 = q@25Ch, (n)
q2F'C1 = 035G, . (0)
qaF"Cy = qaSC3, ()
Q4F'C3 = g, (@
Qo = uaf'Cs, (1)
q215C3 = qa3F' Gy, (s)
035Cy = ga2F'C, ®
2.25C1 = qa1 ()

be in P These are all the equivalences in ¥ .
The auxiliary symbols gog, Goa, Gos are used to expand go; into the actual representation w(g, 0, 0, 0) of the
initial instantancous description. Similarly, the final configuration w(gs, 0,0, 0) is reduced t0 ga1 using the

auxiliary symbols ¢u4, g3, ga2-

Remember that W = {w(q,21,2,2); ¢ € Q, and 0 < 2, 2,23 < e,}. Define further W to be the subset

of the commutative semigroup presented by ¥, which is given by the words in W. Then we have

Lemma 9:

There is a semigroup homomorphism from the commutative semigroup presented by P, into the one

presented by %~ which is faithful (i.e., injective) on ¥.
Proof?

Let 2 map g to By for k € I3 and be the identical mapping on Q otherwise. We claim that 2 provides an

embedding of ¥, namely, forw,w’ € W,

w = w' (P) =1y w) = ') (Fc).
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Any form (E) equivalence ggi" = ¢'g* of 9 yields a corresponding equivalence in %~ because

Yqg) = 4By = ¢ FCBY by (k)
= ¢,5C; by Lemma 6
= ¢.5C by M
= ¢FC.Byr by Lemma 6
= ¢Bfr = (q g% by (m).

Since equivalences (A)—(D) of P, are also in ¥ , we conclude that

w=w'(P) = w)=w) (%), forallw,w' € Q.

To prove the converse implication, suppose

o = yw(q, 21,2, 2)) = (w(d, 2,25, %)) = B (%),

and let @ = yg—7,—- .. =7, = B (Fc) be a repetition free derivation. Let 7,,—Vm1 be the first step

in this derivation that uses one of the equivalences (k)~(u). Then clearly r—(v,,,) = v '() (P) as W is

closed under the %, derivation rules. There are the following four possibilities:

()

(ii)
(iii)

If the equivalence used on 7,, is (), it follows from Lemma 8 that only equivalences in @, and (p), (0),
(n) can be used, i.c. the only words of height n derivable from =y,,, | are those obtained from 7,,, 4 ; by
successively replacing

G+ C3BS by G4SC3 and GozF'Cs,  then

qo3f"CoBS» by q35C and Go2FCy, - and finally

go2F"'C1B{* by Go2SC1 and Go1-
Hence, in order to reach @ the above derivation cannot be repetition free. So equivalence (q) cannot be
used.
A similar argument eliminates the possibility of using equivalence (u).
If equivalence (k) is used, again only equivalences in %, can be applied thereafter. Lemma 8 then
implies that the next two words of height n in the above derivation are those obtained from «,,, by
replacing ¢B§* by ¢,SCi, and ¢.SCj, where k is determined by &(g). The next word of height n is then

obtained by substituting g.f"CyBj for ¢.SCi.. Now only equivalence (m) is applicable, and hence there
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is some m/ => m such that
Vo € W and 1™ (7,) = (1) (FC)-
(iv) If equivalence (m) is used an analogous argument applies.

By induction on the length of derivations over ¥, we may assume that Ty, = HB) (PE)-

Therefore, a3 (Fc) that

v Ha) =171(8) (P,

which concludes the proof. §

Lemma 10:

Let C be a 3-counter machine and %~ the finite commutative semigroup presentation constructed above.

Then

CEESC < q = ¢ (F)

Proof:
By Lemmas 5 and 9

C eESC = w(g,0,0,0)) = (w(g,0,0,0)) ().
But by the same argument used for case (i) in the proof of Lemma 9, we conclude that

w1 = g1 (Pe) = (w(g,0,0,0)) = (w(g,0,0, 0)) (Fc)-

Theorem 2:
CS@ is exponential space complete with respect to log-lin reducibility.
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Proof?

Lemma 10 shows that ESC reduces to CSG. It follows from the construction of $c that size(Fo) =
O(size(C)). The reader can verify that the construction of (go1, ga1, Fc) from C can in fact be carried out in

logarithmic space. Hence the reduction is log-lin. i

Part b) of the Main Theorem stated in the introduction is an immediate corollary of Theorem 2 and the
properties of log-lin reductions described in Section 2. Since C'SG is log-lin reducible to PI, we also obtain

the
Corollary:
The membership problem for polynomial ideals P1 is exponential space hard.

Exponential space completeness yields other interesting consequences in addition to the preceding corollary.
For example, not only does every decision procedure for CSG require exponential space but there iS no
optimally efficient procedure: given any procedure for CSG one can find another procedure which uses
no more space on any problem instance but which uses a bounded amount of space on an infinite set of
problem instances for which the original procedure required exponentially growing space. (This property is

known as effective infinitely-ofien speedup, cf. [Blu71, Sto74].)

We repeat our carlier remark that Theorem 2 and consequently part b) of the Main Theorem, also hold if we
allow only unary notation for representing instances of CSG. The reason is that the values of the exponents

needed for the presentation %> are at most two.

An overview of the preceding argument reveals that the complexity of the uniform word problem for com-
mutative semigroups depends on how rapidly growing a function f : N—N may be while allowing one to

express equations of the form

51 = sé(”)

with presentations of size O(n). The space requirements of the corresponding word problem will grow at
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least proportionally to log(f). The results of Section 6 show that f(n) = 22" is possible using cither unary
or exponential notation for presentations, and the results of Scction 4 imply that f cannot grow more than
double exponentially using these notations. However, if we liberalized notational conventions further, for
example allowing iterated exponential notation such as

2
— 27
81 = 89 ,

2
then f(n) may be as large as 22" with exponentials up to height n. This version of the uniform word

problem for commutative semigroups (using iterated exponential notation) therefore cannot be decided in
space bounded by any finite composition of exponentials. In general, by introducing successively more

powerful abbreviations, we can obtain arbitrarily complex decidable variations of CSG.

8. Conclusion and open problems.

Theorems establishing the degree of unsolvability of decision problems have become familiar in most areas
of Mathematics during the past fifty years. The same philosophical and practical issues which have motivated
the analysis of degrees of unsolvability serve equally to motivate the analysis of degrees of solvability, i.e.,
computational complexity. We analyzed the computational complexity of two classical decidable problems
of algebra — the uniform word problem for commutative semigroups and the membership problem for
polynomial ideals over the rationals. These examples illustrate the significance of questions about the
computational complexity of algebraic problems and reveal that methods are available to provide robust
answers to such questions. Experience in mathematical logic and automata theory [FeR79, Mey74] suggests
that wherever effective decidability is of interest, analysis of computational complexity can provide further
fruitful information. We expect this to be the case also in subsequent studies of algebraic decision problems.

We close by listing a few open problems related to the results presented above.

1. What is the computational complexity of PI'? The reduction of CSG to PI implies that PI is exponential

space hard, but the best upper bound on the complexity appears to be double exponential or more.
2. Let Pla)=qer {B; @ = B (P)} where P is a commutative semigroup presentation. Results of [Bir67,
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Tai68] imply that it is decidable whether %i[a;] C Plaz]. What is the complexity of this containment

problem?

Vector replacement systems (VRS’s), also known as Petri nets or commutative semi-Thue systems, were
described in Section 2.

For any VRS 7, let ¥[a]=aqer {B; B is derivable from a in ¥},

3. In [Rac78] it has been shown that the VRS covering problem, to decide given (a, B, 7') whether By € ¥[q]
for some word #, is decidable in space en*logn Our reduction of ESC to CSG implies a lower bound of
space d™ for some d > 1. (This lower bound was originally obtained by Lipton [Lip76].) Improve these

bounds.

4. In [May81] it has recently been shown that the VRS reachability problem, to decide whether 8 € [a],
is decidable, but the decision procedure is not primitive recursive [MaM81]. What is the computational

complexity of the reachability problem?

5. Another natural problem about finitely presented commutative semigroups is whether two presentations

define isomorphic semigroups. This problem is not even known to be decidable [Tai74].
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Appendix: Degree bounds for solutions of linear equations over Q [z1, - . ., Zo ]

Let
8
Ef”g-?:b“ ?,:l,’t (1)
=1
be a system of linear equations with b;, fi; € Q[z, - - -, Zu),
g=ger the maximum degree of the f;;, @)

B=g. the maximum degree of the b;.

Further, let F' be the txs matrix whose (4, 7)th entry is f; ;. We assume without loss of generality that the
rank of F is t << s (otherwise, equations of (1) can be eliminated, or (1) has no solution), and that it is the
first £ columns of F* which are linearly independent.

Let A = A, _, be the determinant formed from these columns.

By a rational invertible linear transformation of zi, . . ., z, we can transform A to be regular in zj, i.e., the
degree deg, (A) of A in 2, equals the degree deg(A) of A. Note that such transformations do not affect the
degrees of elements of Q[z1, . . ., Z,). Thus we may assume without loss of generality that A is regular in 2.

By Cramer’s rule,

g—t

”~

he=det (Atak,2,ts ALik3, s - r D12, t— L4k 0,...,0,— A,0,...,0)

k—1
is, for cach k = 1,...,s — t, a possible solution of the homogeneous system given by (1). Hence we have
for the j-th component () ; of Iy

deg, ((l);) <tg<sq fork=1,...,s—1t, j= 1,...,s (3)

Furthermore, as A is regular in z;, polynomials ¢; € Qlzy, ..., ,] can be chosen fori = 1,...,1, such
that
deg(c;) < deg(b) — deg(A),
deg(b; — Ac;) < deg(b;), and
deg, (b; — Ac;) << deg(A) < sq. (4)
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Consider the system

Zﬂ'jgjj=bi—&ci, i=1,...,1 (5)
=1

and let (g}, . . -, ¢}) be a solution of (5). By subtracting appropriate multiples of , for k=1,...,8 —t, we

can, because of (3), obtain a solution (g7, . . ., ¢¥) € Q[z1, . . ., ,] With
deg, (¢) < deg, (A) < sq forj=t+1,...,s (6)

t
For¥,=ger =1 fi;9”f we have

s

,=b;— A — Y fiidl-

j=t—+1

Now deg,, (b — Ac;) < deg,,(A) by (4) and deg,, (S5, fij}) < deg,,(A)g by (2) and (6). Hence
we conclude, again by Cramer’s rule, that deg, (Ag}) = de€z1(25=1 V.F;;) < deg(A) + ¢+ (s — 1)g,
where F;; is the (¢, 7)th minor of F'. Hence, forj =1, ..., s, deg, (97) < sq.
For gj=der ¢} + Zfﬁi c¢iFij, 5 =1,...,t, and gj=qer ¢ for j = ¢t + 1, ..., s, we therefore obtain a
solution (g1, - . - , g) of (1) with deg (¢;) << sq + B.
Adding the coefficients of all equal powers of z; (from a:tl’ to x‘i""s‘?—] *) we obtain from (5) at most t(g+sq)
equations with << s2g unknowns in Qzs, . . ., z,| where the degrees of the coefficients are still bounded by

g, and the degrees of the righthand sides by B. For the function m(s, v, g, B) which bounds the minimal

degree of solutions for (1) we, therefore, get the following recurrence relation:

m(s, v, q, B) < max{sq + m(s’q,v — 1,4, B), sg 4 B}, and hence

m(s, v,9,B) < sq+ s’ +s%* + ... +(59)* +B < B+ (s9)”.

|
We observe that the constructions of Section 6 imply that a degree bound growing double exponentially in

the number of variables is unavoidable.

*not 23971 as in [Her26]
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