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Abstract: Let M be a finite first-order stationary Markov chain. We define an arborescence to be
a set of edges in the directed graph for M having at most one edge out of every vertex, no cycles,
and maximum cardinality. The weight of an arborescence is defined to be the product over each
edge in the arborescence of the probability of the transition associated with the edge. We prove
that if M starts in state 1, its limiting average probability of being in state j is proportional to
the sum of the weights of all arborescences having a path from 7 to j and no edge out of j. We
present two proofs. The first is derived from simple graph theoretic identities. The second is
derived from the closely-related Matrix Tree Theorem.
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1. Introduction

Let M denote a finite first-order stationary Markov chain with states {1,...,7 } and transition
probability matrix P such that the ¢j entry p;; of P is the probability of a transition from state
t to state 7. Let

I_thlim %(I—{—P—}—P2—|--~+Pt_1)

be the long-run transition matriz for the Markov chain M. (The limit exists because P is
stochastic [5, Theorem 2.1].) The ijth entry of P, Dij» is simply the long-run average probability
that M will be in state j, given that M started in state ¢. If M is ergodic, then every row of P
is the stationary probability vector 7 for M.

Let V' = {1,...,n} be the vertices of a directed graph G, with edge set £ = { (4, 5) | p;; 5%
0}. This is the usual directed graph associated with the Markov chain M. (Note that G may
contain self-loops.) We define the weight of edge (7,5) to be p;;. An edge set A C E is an
arborescence if A contains at most one edge out of every vertex, has no cycles, and has maximum
possible cardinality. The weight of an arborescence is the product of the weights of the edges it
contains. A node which has outdegree zero in A is called a rooi of the arborescence.

Clearly every arborescence contains the same number of edges. In fact, if G contains exactly
k minimal closed subsets of vertices, then every arborescence has size |V'| — k and contains one
root in each minimal closed subset. (A subset of nodes is said to be closed if no edges are directed
out of the subset.) In particular, if G is strongly connected (i.e. the Markov chain is irreducible),
then every arborescence is a set of || —1 edges that form a directed spanning tree with 2ll edges
flowing towards a single vertex (the root of the tree).

Let A(V) denote the set of arborescences of G, A;(V) denote the set of arborescences having
J as aroot, and A;;(V') denote the set of arborescences having root J and a directed path from ¢
to j. (In the special case i = j, we define 4;;(V) to be 4;(V).) In addition, let AL A (VI
and ||4;;(V)|| denote the sums of the weights of the arborescences in A(V), 4;(V) and 4i;(V),
respectively.

The standard method of computing P is to use linear algebraic techniques. In this paper, we
derive a simple combinatorial technique for computing P. In particular, we prove the following.

Theorem 1 (The Markov Chain Tree Theorem): Let the stochastic n X n matriz P define a
fintte Markov chain M with long-run transition matriz P. Then
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Corollary 1: If M is ergodic, then
)
7 AW

Proof of Corollary: When M is ergodic, the underlying graph is strongly connected and every
arborescence with root j is a spanning tree with root 7. §
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Although Corollary 1 is proved in [7], the proof is complicated and the result is not well
known. In this paper, we give two proofs of the stronger result. The first proof is derived from
some simple graph theoretic identities involving arborescences and paths. The second proof is
derived from the closely related Matrix-Tree Theorem. The proofs are presented in Section 3.
The graph identities are included in Section 2. We conclude this section with some examples of
how the Markov Chain Tree Theorem can be used to calculate long-run transition probabilities.

Example 1. Consider the Markov chain of Figure 1.
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Figure 1: A sirongly connected Markov chain.

In this strongly connected chain, ¢ = 1 —p and the single tree with root ; has 7 “right-going”
arcs of weight p (0 =1 — ..+ > j) and n — 1 — j “left-going” arcs of weight ¢ (j < 7+ 1 «
-++ +=n —1). The weight of the spanning tree with root j is thus g 177, s0
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Example 2. This is like the last example except that states 0 and n — 1 are “absorbing
barriers”. Consider a gambler who begins with 7 dollars and keeps betting 1 dollar at a time,
with probability p of winning two dollars back and g =1 — p of losing his dollar each time. We
assume that the gambler doesn’t quit until he is “ruined” (has no money left) or until he holds
n — 1 dollars. Then B;, is the probability he will be ruined and Din—; is the probability he will

go home with n — 1 dollars.
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Figure 2: A Markov chain for the gambler’s problem.



Each arborescence consists of exactly n — 2 arcs, j of which will be “left-going” with weight ¢
(0=1«--- ) and n— j— 2 of which will be “right-going” with weight p (j +1— j 42 —
-+ = n—1). Thus
En__2 q.?p{n_z)-'.‘a' Ez::) q?p(n_z)"':’
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Example 3. Consider the Markov chain of Fig'ure 3.

Figure 3: A Markov chain with siz arborescences.

In this example, there are six arborescences: ady, adg,bef,beg,cdf, and edg. Thus [|A(V)|| =
(ed + bc 4 cd) - (f + g) and

0 0 (be + cd)(F + 9) adg adf
- 1 0 0 be(f+g) (ad + cd)g (ad + cd)f
P=r—0ew 10 0 (ad+ bc+ cd)(f +g) 0 0 .
AV | 0 0 (ad +be+cd)g (ad 4+ bc + cd)f
0 0 0 (ad +bc + cd)g (ad 4 be + cd)f

For example, 5y, = 13 J:f_i';;))é T, because the only two arborescences which have 4 as a root

and a path from 2 to 4 are those with weights adg and cdg.

2. Graph Identities

It is well-known that the states of any Markov chain can be decomposed into a set T of
transient states and sets By, B, ..., B,, of minimal closed subsets of states. For example, T =
{1,2}, By = {3} and B, = {4, 5} in Figure 3. For any subset of states W C V, define ¢(W¥) to be
the number of minimal closed subsets of states contained in W. For example, ¢({1, 2,4}) = 0 and
¢({3,4}) =1 in Figure 3. As we remarked in the introduction, every arborescence has |V| — (V)
edges. The following lemma states a simple but important fact about e(W).

Lemma 1: If U and W are disjoint subsets of V' and if there are no edges from W to U in E,
then c(U UW) = c(U) + ¢(W).

Proof: Every minimal closed subset in U or W is a minimal closed subset in U |JW. Thus
o(UUW) > ¢(U)+e(W). If a closed subset of UUW contains nodes in both U and W, then the
portion of the subset in W is also closed (since there are no edges from W to U). Thus the original
subset is not minimal, implying that (U |JW) < ¢(U) + ¢(W). Thus c(UUW) = ¢(U) + (W),
as claimed.



Given any subset of nodes W C V, define an arborescence from W to be an acyclic subgraph
of G = (V, E) for which the outdegree of nodes in W is at most one and for which the outdegree
of nodes in V' — W is zero. Let A7(W) denote the set of arborescences from W with r edges,
A%(W) denote the set of arborescences from W with root j and r edges, and A7, (W) denote the
set of arborescences from W with root 7, a path from i to j and 7 edges. (If i = 7, then AL(W)
s defined to be A7(W).) As we are particularly interested in arborescences with |W| — c(W)
edges, we use A(W), A;(W) and 4,;(W) to denote the sets AWl=e) (), AlWl—c(W)(W) and

Al:-vl_c(w)(W), respectively. For example, 4;;(W) denotes the set of arborescences from W with

root 7, a path from ¢ to j, and [W| — ¢(W) edges.

Notice that the definitions for A(V), 4;(V) and A,;(V) provided here are equivalent to those
given in the introduction. This is because every mazimum arborescence has |V'| — ¢(V) edges.
Also notice that 4;(W) and A,;(W) may be empty for some W. This happens when node j is
not contained in a minimal closed subset of W and/or when there is no path from i to 7
G. When W is nonempty, A(W) is nonempty. In general, AT(W) will be empty precisely when
T > |W| —¢(W).

The weight of an arborescence from W and the || 4|| notation are defined as in the introduction.
Using Lemma 1, the following identities are easily established.

Lemma 2: Let U and W be disjoint subsets of V such that there are no edges from W to U.
Also let1,7' € U and 7, j' € W be arbitrary vertices. Then

1A U = l4W)]| - 4w

14U U W)l = 14:0)]1- 1AW

40 U= 1A@)I - I14;(w)]

14U W = 4@ - 1AW

1455 (@ W = A - | 455 (W)
i'ew

140 Ul = 3 14:5)] - 455 (W)l

Proof: The union of an arborescence from U with |U| — ¢(U) edges and an arborescence
from W with |W| — ¢(W) edges is an arborescence from U |J W with |U| —¢(U)+ [W]|— (W) =
[UUW| —c(UJW) edges. (No cycles can be formed in the union since there are no edges from
W to U.) Conversely, an arborescence from U |JW with [UUW]| — ¢(UUW) edges can have
at most |[U| — ¢(U) edges from nodes in U and at most [W| — ¢(W) edges from W. Hence, the
arborescence can be uniquely expressed as the union of an arborescence from U with |U| — ¢(U)
edges and an arborescence from W with |W|—c(W) edges. Thus AU UW) = IAO)]- 1AW
The remaining identities can be similarly proved.

At first glance, it is not at all clear why sums of weighted arborescences should be related to
long-run transition probabilities. We will demonstrate this connection by showing that each is
related to sums of weighted paths in the chain. For example, let P (W) denote the set of paths
from 7 to j through W that have r edges. (A path from i to j through W is a path starting at
¢ and ending at j which traverses only nodes in W. Note that 1 and ; need not be in W.) By
definition,

0<r<t

o sl -
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where ||P7(V)|| denotes the sum of the weights of the paths in P (V). (The weight of a path
is simply the product of the weights of its edges.) Thus the long-run probabilities are closely
related to the sums of weighted paths.

For the most part, we will be interested in the set of paths from 7 to j through W which have
at least one edge. We denote this set by 7;(W) and the sum of the weights of these paths by
17;(W)II. If 7 € W and ¢(W) = 0, then || 5,;(W)|| is the probability that a sequence of transitions
will (once having left state ¢) move to state j upon leaving W. (If 1 € W and the path has just one
edge, then the path never enters W.) This value is closely related to the taboo Greene function
described in [9]. The following lemmas contain identities for IPL;(W)I| and || 7i;(W)]| that are
useful in establishing the connection between paths and arborescences.

Lemma 3: For alli, 7, r and W, ||PL(W)|| < 1. If (W + {j}) = 0, then there is a constant
a < 1 such that ||PL(W)[| < o™ If (W + {j}) = 0 and 5 ¢ W, then ||P;;(W)|| < 1.

Proof: By definition, [|P] (W)| is the probability that, starting in state ¢, r successive transi-
tions will pass through states in W and terminate in state 7. This probability is clearly at most
one.

If (W + {j}) = 0, then W 4 {5} contains no closed subsets. Hence, every node in W is
linked by a path (with nonzero weight) of length n to a node outside W + {7}. Let € be the
minimum of the weights of these paths and set & = 1 —e¢. The probability of staying in W+ {5}
through s 4 n transitions is thus at most o times the probability of staying in W + {7} through

s transitions. Hence ||P:J-{W)H is at most al™/7l,

If ¢(W <+ {j}) = 0 and j ¢ W, then there is a path from j to a node not in W + {;}. If this
path has weight ¢, then ||P,;(W)|| < 1 —e.

Lemma 4: If ¢(W) = 0, then

kew : . o —_
125 = 17:0@)11 + > Ilplk@upllj#vz {kiﬁl})”

Proof: Excluding the one-edge path from ¢ to j (if it exists), every path from 7 to 7 through
W can be decomposed into a one-edge path from 7 to k, some nonnegative number of paths from
k to k through W — {k}, and a path from k to j through W — {k}. Hence,

KEW 20

125 = 1125 @)1+ 32 D 1P@ - oW — SERIF - 1P (W — {&3)]]-

By Lemma 3, || Pei(W — {k})|| < 1 and thus

>0

S 1Pu(W — (kDI = .

1— || Pee(W — {k})II

Substitution then gives the desired result.

The connection between paths and arborescences is established in the following theorem.
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Theorem 2 (The Path Tree Theorem): If c(W + {i}) =0, then

A0V )] L
1PN = { paow e ||ﬂ(w+{=})u I-fz-#J-’
G2 i

Proof: The proof is by induction on [W|. If W = 0, then ||7,;(8)]| = pi;- Similarly,
A ({Z)I] = pij for @ % j and 1 —[|A({i})|| = pui- In what follows, we assume that the result
is true for sets smaller than W. There are five cases to consider, depending on 7 and j. Each
case starts with the identity from Lemma 4 and proceeds by applying the hypothesis inductively.
Indentities like those proved in Lemma 2 are used throughout the proof.

Case 1:15% j,ig¢ W, ¢W

KW || 4uk({i})]] - LGyl
Pl m—u%{}n+§2 R 2 G
[l&(W—{k})]|

keW i
_Mw”y+zﬂm{m&%ﬁ )
_ D 4D - 4ms W — G

4]
_ liA0% + 5} — (D)
EI

Case 2:1 £ J,ig W,7EW

KEW—{3} 11 2 N 1 4o (W — 5
P50 = 45N+ 3 [ Ase({ZDI] - 1Ak (W — {5l

AW -
12D - (140 — Sl = 409D
o B
4Dl - |4 — )
= I
_ 1AW + {5 — G
TEC)

Case $:1EjiEW
VIR 4D 1A — ORI, (= JACHIN - 14607 + 63 — Gl

Py (W)|| =
i [ BT
_ M + G} = G AR 4wl - 1A (W — G
AW ]
_ AN 114V — {11l
AW

_ 145(W + 15} — G
AW




Case j:1=7,1¢ W

S 4G AW — ()]

1Pl =1 = AN + ) TR
_ AW — GO (AR A EZW [ERCE ||,4ki(wm)
AW [AW)] AWl
_ 1AW — 6P = AW + 3]
AWl
Case 5:1i=j,i €W
kew — {4} . :
e A (NI - N AW — )]
1Pl =1 — AN+ Y T
¢ = IAQGRID - WA — )l — AW
AW
_ = DA - AW — DI, S 4G N AW — ()
B [EC] e 2 [EC]
_ AW = G0 (AR 1AW — 63l "E”f‘} Ak (DI - | Ars(W — {z‘})n)
AWl AW [AW)]
_ AW — )l — 1AW + {33
AW '

This completes the induction. §

Corollary 2: If B is a minimal closed set and i,; € B, then

_ 1458 = {3l

W7:(B =Dl = =

Proof: For i £ j, apply case 2 of Theorem 2. When 1 — J, apply case 4. (Note that when
t=51PB—{}ll=1) &

3. Proofs

In what follows, we present two proofs of the Markov Chain Tree Theorem. The first proof
is derived from the graph identities described in Section 2. The second proof is derived from the
Matrix Tree Theorem.



3a. Graph Theoretic Proof

As we remarked in Section 2,

0<r<t

Ilrn - E |PL; (v

In what follows, we will prove the Markov Chain Tree Theorem by showing that

et _ 40l
Jim s 2 WP T

If there is no path from ¢ to j in M, then both sides of the equation are zero. Otherwise we must
consider three cases.

Case 1: 1,7 € T, the set of transient states.

Here || 4,;(V')|| = 0 since every arborescence with j as a root has less than |V]| — (V) edges.
On the othe, hand, [| 27 (V)|] = ||P7,(T)|| which is at most al"/" for some & < 1 by Lemma 3.
Thus

0<r<t 0<r<t

hm Z IPL (VI < l1m1 Z al/n

1 n
lim = )
t—lar{-lo t(l——a
0.

Il IA

Case 2:1,7 € B, a minimal closed block.

We first show that p;; = ||P;(B — {¢})|| - B;;- By CoroHary 2, ||Pis(B — {z})|| = 1 and thus
we need only consider the case when t 7% j. By definition,

0<r<t s>1 0<g<t
I175(B — {)Il - i; — B;; = lim 1( X 1PLBI- Py — - > IIPEJ-(B)II)

t—oo T

> IPLBN- Y 1P5(B— G

0<r<t s>t—r

Z E aLs/"J) for some @ < 1 by Lemma 3

"Eﬁ nalSr)
l—«

0<r<t s>t—r
= hm

IA

S5

o |
/—‘\/““‘-\/‘_\

= 0, as claimed.

By Corollary 2, this means that

4B
e TRE=W@ i
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Summing over j, we find that -

A ”-’qzj "{?'})” _

=2 TE= ™
_ 4@ 3.

AB— Pl ™

and thus that '
ROV}
" IABII
Substituting, this gives
5 4B — ()
7 IAB)I
_ 1148l )II
AN
zn&an
AWV

Case 3:1€T,j € B.

We first show that
kEB

By definition,

keB 1 kEB s>1 0<r<t 0<g<t
Y NPk - By — By = Jlim - DNPRON- Y WP — D IIP?J-(TUB)II)
1 keBOo<r<t s>t—r
= lim ; Bm-EZHMMﬂQ

< lim% Z E Z als/"J) for some ¢ < 1

t— 00
m L
t—oo t\ (1 — @)
=0, as claimed.

‘By Theorem 2 and the analysis in case 2, the preceding means that

keB

: 14T e (B
U 23”4 I4B)]

!|°1=;(TUB)||
IA(TUB)|
_ 1AM
AN
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This completes the proof of Theorem 1. §

3b. Proof Using the Matrix Tree Theorem

Let X be an arbitrary real-valued n X n matrix. We let Cx(X) denote the n X n matrix
obtained from X by replacing its kth column by a length n vector of ones. We let D;;(X) denote
the (n — 1) X (n — 1) matrix obtained from X by deleting its ith row and Jth column. If A and
B are sets we also let D 45(X) denote the matrix obtained from X by deleting all rows in A and
all columns in B. The following lemma contains some simple identities for the determinants of
these matrices. (The determinant of a matrix X is denoted by |X]|.)

Lemma 5: Let X be an n X n stochastic matrix. Then

ICiX)| = [Cs(X)| for 1 <i,5< n
D45 (X)| = (—1)T7|Ds(X)| for 1 < 4,5 < n
n
ka(X]l = IDH(X)I for 1 S k S_ n.

1=1

Proof: Straightforward. §
A general version of the Matrix Tree Theorem [1] can be stated as follows.

Theorem 3 (Matrix Tree Theorem): Let the n X n matriz X have entries z;; where

Tij = —Yij for i # 7, and
™
Ti=—Yi + D Yik.
k=1

Define an associated graph G with V = {1, coun} and E = {(i,7) | yi; 5% 0} having weight Yss
on edge (i,7). Let BC V,4,j€EV —Bandr =n — |B|. Then

P =14V —B)l, and
(=) IDss,544(X)] = 457V — B = {7}

Proof: See [1]. g

We now proceed with the second proof of the Markov Chain Tree Theorem, starting first with
the case that the Markov chain M is irreducible. In this case each row of P is equal to the vector
7 which is defined as the unique solution to:

7P =, and Em=1.
k=1

The vector 7 is the stationary probability vector for M if M is aperiodic.
Since P is stochastic, the above defining conditions on 7 can be combined to read:

'.'TCk(I— P) = €k
10



where I denotes the identity matrix and €; denotes the vector having a one in column k and
zeros elsewhere. This equation uniquely defines w, for any k,1 < k < n.

We now use Cramer’s Rule to solve for 7:
_ |Drk(I —P)|
~|CkI—P)|
Note that Lemma 5 implies that |Cy (I — P)| = ]C,:,(I — P)| even if k 54 [, so the denominators
of the equations for the 7 are all the same.

A simple application of the Matrix Tree Theorem to the evaluation of |Dyi(I — P)| then
completes the proof for irreducible Markov chains.

We now generalize our result to include all Markov chains. As before, partition the states of
M into a set T transient states, and sets By, ..., B, of minimal closed subsets of states.

We let Py denote the |By| X |By| submatrix of P giving the transition probabilities within By,
@ denote the |T'| X |T'| matrix of transition probabilities within T, and Ry denote the |Bk| X |T|
matrix of transition probabilities from By to T.

By appropriate reordering the rows and columns of P we have

Q Rl R2 ‘e Rm

0P 0 Lo
Pl g P
0: 0 0

0.0 0 ... B,
It is well-known that P then has the following form:

g Uy s U
g F, 0 0
}—3‘—1 0 0 Pg 0 3
00 -0 0
0@ 0 P

where Py is the long-run transition matrix for P,
Uk = NRk?k, and
={I+Q+Q@ +--)=(—-Q L
Here n,; is the average number of times M will visit state j, when M starts in state i. The
matrix /N always exists |6, Lemma I11.4.1]. In fact, we will show in what follows that

4T — )
=

nig = (1 — @)1y
_ (=)D, Q)
=]

By definition,

_ (=1'YIDy 1y gy y—r (I — P)|
IDv—r,v—7(I — P)|
[14:5(T — {5}II .
= by the Matrix Tree Theorem.
AT

11



It is clear that both p,; and |[4i;(V')|| are zero unless i,j € By (one of the closed subsets),
or 1 € T (the set of transient states) and j € By. In the former case, Pi; = (Pi)iy. From the

analysis of irreducible chains, this means that Pij = %’%’(’—(“;;% and thus that p,; = ”if;’('l(,v}ﬁ”.
If 1 €T and 5 € By, then

Pi; = (NRyxPg)is

leB, l'eT .
SRS A @ =Dy MAsBal
22 T aa e S,
leB
_ = AN A B
= ”Z (nﬁﬂum [EA]
A5;(T By
~ AT UB)|
_ sl
A

4, Remarks

Throughout the paper, arborescences and paths are defined for graphs with nonzero-weight
edges. This restriction complicates the procfs somewhat but is necessary to insure their correct-
ness. For example, a “simpler method” might involve substitution of e-weight edges for zero-
weight edges in the Markov chain. Then all of the arborescences would be isomorphic (except for
weights). By letting € — 0 and taking the limit in Theorem 1, one might hope to derive a simpler
proof. This is not possible, however, as is evidenced by the 2-state example in Figure 4. When
e-weight edges are substituted for the zero-weight edges, P12 = 1/2 no matter what the value of
¢ is. Hence lim_,g P;5(€) = 1/2. As can be easily seen, however, 5;,(0) = 0.

> & o

=0 A

72
Figure 4: The difference between 0-weight edges and e-weight edges.

It is worth noting that || 4;;(V)]|| and ||A(V')|| are nonnegative polynomials of degree |V |—¢(V)
in the variables {p;; | ¢ 5 j}. (By nonnegative, we mean that every coefficient in the polynomials
is nonnegative.) Thus the long-run transition probabilities can be expressed as the ratio of
nonnegative polynomials with degree n — 1. This result is surprisingly powerful. For example,
we use this fact in [8] to show that no n-state automata can estimate a probability with mean-
square-error less than Q(1/n).

It is also worth noting that the graph theoretic proof of the Markov Chain Tree Theorem
can be simply modified to give a natural proof of the Matrix Tree Theorem. Although the proof

12



gives some insight as to why arborescences are important, it does not illuminate their meaning.
In fact, it would be very nice to have an interpretation for the weight of an arborescence in the
Markov Chain Tree Theorem.
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